The last and important deficiency of the sea-boson method namely its apparent inability to allow for Luttinger liquids is resolved. We solve the Luttinger model and compute the anomalous exponents. As it happens, this exercise is diabolically subtle, much more so because we can compute the momentum distribution directly without computing the propagator. We also compute the full propagator of this model using just Fermi algebra that pays attention to fluctuations in the momentum distribution. We then apply the sea-boson technique to solve the Calogero Sutherland model and find that here too we have a Luttinger liquid and compute the anomalous exponents. The main advantage of the sea-boson approach is its ability to provide information about short-wavelength physics in addition to the asymptotics and that too without necessarily consciously invoking momentum cutoffs, anomalous commutators and the like. All these methods are naturally generalizable to more than one dimension.
Introduction karaaravindena padaaravindam mukhaaravinde viniveshayantam vaTasya patrasya puTe shayaanam baalam mukundam manasaasmaraami
( I bow to that child Mukunda, who has his lotus-foot inserted into his lotus-mouth by his lotus hands, and who is reclining in the cavity of the basil leaf.)
This hymn from M ukundaaShT hakam, pays homage to the infant Krishnaincarnation of Lord Vishnu, one of the Hindu trinity. This is an appropriate way of starting this article since not only does it provide an auspicious beginning, it also shows that having one's foot in one's mouth may actually be a sign of divinity ! The present author has performed this feat on countless occasions as readers of the earlier works will testify. Perhaps this article also finds me in the same blissful posture. I would like to thank Prof. H.R. Krishnamurthy, Prof. D. Sen and Prof. G. Baskaran for telling me that I am quite insane and presumptuous for questioning the validity of Luttinger liquid theory. I also would like to thank the referee who allowed me to first crucify myself [13] (on my insistence) and has since been waiting patiently for my resurrection( this paper ). It is only a slight exaggeration to say that the referee has been the silent coauthor of all these developments by pointing out the right directions to move in, by requiring high standards and by curbing my suicidal impulses. In what follows, I shall be using the first person plural pronoun 'we'. This is not the 'royal we' rather it is meant to include as co-authors all the attentive readers, well-meaning critics and well-wishers of my work. They are too numerous to mention.
The Tomonaga-Luttinger models [1] and their solution by Lieb and Mattis [2] and later on elaborated by Haldane [6] and others have been the pillars of an ever growing monument of knowledge in Many-Body theory. In our earlier works [13] [14] we were unable to account for Luttinger liquids. In fact, we claimed erroneously that the delta-function Fermi gas in 1d was a Fermi liquid. While it is simple to point out why and where we went wrong earlier, adapting the sea-boson approach to give us Luttinger behavior has been quite difficult. This is ironic, since bosonization methods are introduced precisely in order to account for these exotic systems. The Luttinger model, the Calogero Sutherland model and other such systems are special since as we shall see they lead to the divergence of certain integrals found in our earlier work [13] and a more careful treatment makes these systems Luttinger liquids. Furthermore, the ansatz for the phase functional given in our earlier work is wrong because a linear ansatz leads to an imaginary phase functional [13] when it is supposed to be real. At various times, the author has been wanting to try to rigorously derive a formula for the phase functional but each time has been seduced by simpler approaches that promise to lead to the final answers quickly. But the author has now learnt his lesson since all these short cuts lead to the same precipice. After spending a number of sleepless nights we have been only partially successful in pinning down the nature of the phase functional found in the DPVA [13] . We shall only present those results that we are reasonably sure of. Although this approach (DPVA) was the main motivating factor we have been unable to use it to compute the full propagator or the momentum distribution. Fortunately this is not needed since we have the sea-boson method that is more convenient and quicker and also the Fermi algebra method (that takes into account fluctuations in the momentum distribution) which is even quicker. The sea-boson approach makes the proof of the Luttinger theorem trivial and also points to a simple mechanism by which the theorem may be violated. In our earlier work [14] , we made it quite clear that the sea-displacement annihilation operator has to be defined as follows.
A k (q) = n F (k − q/2)(1 − n F (k + q/2))
This definition is still ambiguous due to the square root of the number operator in the denominator, but leaving that aside, it is clear that we may consider quite obviously,
This redundant redefinition is quite suggestive since we may use this to rewrite the number operator [14] as follows,
Here, n
and1 =N /N 0 . From Eq. ( 3) it is clear that in general we should expect a discontinuity in the momentum distribution at |k| = k F since in general, n < kF = n > kF . This means that we may regard Eq.( 3) as a proof of the Luttinger theorem. This is true no matter how exactly or approximately we have solved our equations. It seems therefore that Landau Fermi liquids are generic. But there is a way in which this theorem can be violated. The only way in which Luttinger liquids can arise for arbitrarily weak repulsion is if the sums over q in Eq. ( 5) and Eq.( 4) diverge in such a way as to compensate for the individual terms in the sum being vanishingly small. Indeed, Eq. ( 3) suggests a natural classification of spinless one component Fermi liquids. Define the interval,
We may consider the functions n > k and n < k to be well defined and nonzero in general, (indeed even continuous but possibly with infinite slope) for all k after factoring out the discontinuous n F (k) and 1 − n F (k).
Defn : If for some D > 0 and for all |k| ∈ I(D), we have
It seems that the third possibility has not been investigated at all, and with good reason. Later in this article, we argue that there is no room for such a possibility, the most exotic ones are Luttinger liquids.
The Sea-Boson Formula Revisited
Let us reproduce the formula for the momentum distribution that was derived by us earlier [13] . This formula was claimed to be valid for functional forms of the interaction that obeys the following constraint,
where m ≥ 0 is an integer and 0 < c 0 ≪ 1 and
For m ≥ 1, the integrals in Eq. ( 7) are finite and no divergence results from the small q 1 regime. This leads to a Landau Fermi liquid for small v 0 . However, for m = 0, the integrals diverge logarithimically in the vicinity of |k| = k F , this suggests that perhaps a delta-function Fermi gas is not a Landau Fermi liquid after all. This also contradicts the remarks made in the conclusion of our earlier work [13] which were motivated mainly by vanity and the desire to be the Caliph instead of the Caliph 1 . However, the divergence of the integrals makes the scheme break down and it is not clear what the alternatives are. In the subsequent sections, we attempt to rectify this serious flaw and extract the anomalous exponents if indeed the system is a Luttinger liquid. Notice also that the presence of the cutoff c 0 k F ensures that the repulsion-attraction duality [14] is not needed.
Thus this feature of the potential tends to supress Luttinger behaviour for m > 0. Having said this, given all the faux pas that the author has made, it is probably advisable to not belabor this point any further.
The Luttinger Model in the Sea-Boson Language
Here we write down the spinless Luttinger model in the sea-displacement language. This is then solved by a straightforward diagonalization technique and the momentum distribution is calculated. The hamiltonian is as follows.
We have tried to retain a close similarity with the notation in Mattis and Lieb. Here, the interactions couple only the off-diagonal terms, since we anticipate that these are responsible for breaking Fermi liquid behavior.
The cutoff Λ is needed in order to ensure that only electrons in a shell of [±k F − Λ, ±k F + Λ] interact and the rest are free. We also postulate that v(q) = v(0)θ(2Λ − |q|). In other words, the delta-function repulsion, but with |q| restricted to be small enough. If q > 0 then we find that the sum over k in the definition of
. Thus this corresponds to right movers or ρ 1 in the notation of Lieb and Mattis. Similarly, S(−q) involves the sum peaked at k = −k F and corresponds to left movers. Thus this term couples the right-movers to the left-movers and is responsible for breaking Fermi-liquid behaviour. In the absence of the θ(2Λ − |q|) we find due to the identity below and the repulsion-attraction duality [14] the interaction term vanishes identically.
[ The proof of the identity to the reader (Hint : use
Thus we must really make sure that v(k − k ′ ) can be ignored in comparison with v(q). This is possible if we include θ(2Λ − |q|) since then θ(2Λ − |k − k ′ |) ≈ θ(2Λ − |2k F |) = 0. The sea-displacements obey canonical boson commutation rules.
[
All other commutators involving any two of these objects are zero. Let us assume that this may be diagonalized as follows.
The d I (q) are related to the A ′ s by a Bogoliubov transformation.
When the diagonalization is completed and the momentum distribution is computed we find (see Appendix) that, in the weak coupling limit( |λ| << 2πv F , only the collective mode contributes and we find for Λ ≪ k F ∼ m, and
Unfortunately, these integrals diverge logarithimically at |k| = k F , thereby signalling the breakdown of this method, along with the breakdown of Fermi liquid behavior ! This kind of divergence is well-known to be the reason why perturbation theory fails in one dimension. However the claim was that the sea-boson formula Eq. ( 7) was a nonperturbative result. The two can be reconciled if one realizes that the salient asymptotic features are really contained in the small q regime, and an expansion of the hyperbolic cosine in powers of q effectively 'washes out' the essential singularity ( at v q = v 0 = 0 ). Now we have to go back and ask ourselves what went wrong. The answer has to do with the following observation [14] . Non-ideal momentum distributions have to be treated with great care, and the momentum distribution has to be solved for self-consistently. In our earlier work [14] we showed how one may solve for the momentum distribution self-consistently, and arrive at the following formula,
In the 1D case,
If the integrals were finite, then we can clearly see that in the weak coupling regime, the more accurate formula in Eq. ( 18) is identical to the formulas in Eq.( 16) and Eq.( 17) since both S A and S B are small. In the present case however, they diverge logarithimically at |k| = k F and we find n < kF = n > kF = 1/2. Since S A ≈ S B ≈ S 0 we may write more suggestively,
Now comes the climax when we decide all of a sudden to write,
We may compute,
Thus we have,
The anomalous exponent is,
This exponent is identical to the one obtained by Mattis and Lieb [2] . Their formula in our notation is
In the small λv(0) limit this is identical to Eq.( 28). This exponent is always smaller than unity in the limit considered and we have a residual Fermi surface. In the next section, we show how to obtain the exact same exponent that Mattis and Lieb obtain thereby strengthening the claim that our approach is universally applicable. For |λ v(0)| ∼ πv F we really must be summing over all modes using the prescription outlined in our earlier work [14] . It is only in the small λ limit that the spectral function is peaked at the collective mode. For λ 2 v 2 (0) > v 2 F π 2 the collective mode does not contribute and we must use the more general formula as discussed in our earlier work [14] where the sum over modes is interpreted as the sum over all positive energies with the dynamical structure factor appearing as the weight. In any event, for strong coupling, plane waves are not a good basis set in which to write down the sea-bosons. Future publications will attempt to systematically work out the consequences when we treat the kinetic term as a perturbation in the strong coupling limit and write sea-bosons in a localized basis. Therefore we have the following momentum distribution for the Luttinger liquid.
4 The Rigorous Solution
Never underestimate the power of the dork side -(With apologies to George Lucas)
Now we would like to find a systematic solution that clarifies the need for the mysterious transformations we saw in the earlier section. First we make a prescription that seems to have many of the right features. We shall relegate the rigorous derivation of this prescription for future publications (in future lifetimes !). In any case we take the point of view that once a prescription works and is simple to use and captures what one is looking for, it makes no difference where it came from. The prescription is the following. Consider the following formula for fermions with spin. This is just a prescription that happens to have all the right features. We shall attempt to partially justify the need for this soon.
By definition, we have,
We define,
Here |G 0 is the ground state of the full hamiltonian with the the sea-displacement operators being treated as canonical bosons with the commutation rule,
and all other commutators involving any two of these operators is zero. Also it involves ignoring the presence of the square root making the Fermi bilinear a simple linear combination. If q = 0 then,
(38) From Eqn. ( 38) it is clear that we must also have,
where,
Here |G is the ground state of the full hamiltonian obtained by treating the operators A kσ (qσ ′ ) more carefully and also by retaining the square root of the number operator and so on. All this is needed presumably since Luttinger liquids being nonideal, their momentum distributions fluctuate and one must solve the system self-consistently. A systematic mathematically rigorous approach is beyond the scope of this article, but the claim is the prescriptions in Eq. ( 31) and Eq.( 32) capture all these essential features. In order to make this plausible, we first note the following feature. Since 0 ≤ S 
′ . This will be useful in the next section where we argue that this quantity is responsible for the power law singularities of the Luttinger liquid. It is possible to write down a simple-looking formula the quantity N using the simple hamiltonian of a Luttinger liquid. However, just as in the case of the momentum distributions, these formulas diverge in the vicinity of |k|, |k ′ | = k F (see Appendix) thus violating the inequality −1 ≤ N ≤ 1. First observe that the number-number correlation may be written down as follows.
Here S AA , S AB , S BA and S BB are all between zero and one, end points included. This ensures that the number-number correlation has the following property : −1 ≤ N ≤ 1. We would like to have a formula for these functions in a manner entirely analogous to the momentum distribution. To do this we first notice the following symmetries :
. A straightforward computation yields the following formulas for the various function denoted by the superscript S 0 .
As mentioned before, these functions diverge for a Luttinger liquid hamiltonian, this means we have to find a formula that is finite and maintains the inequality −1 ≤ N ≤ 1. There seems to be no simple prescription. At this stage many readers may be quite satisfied with the prescription for n kσ and may not be too keen to know what N is. There are at least three reasons why this is needed. First, it will be shown in the next section that the full propagator of a Luttinger liquid is related to this object N , and this propagator may be derived using the simple Fermi algebra. From this full propagator one may obtain the power law behaviour of the momentum distribution. The second reason is that this quantity has some really important features relevant to the study of superconductors. In particular, we have argued [14] that a strong dependence on the angle between k and k ′ in N (kσ, k ′ σ ′ ) signifies a net supercurrent in the sense of a quantum fluctuation. Finally, there are corrections to the RPA dielectric function that is solely due to N , as shown in our earlier work [14] . These corrections are likely to somehow add up to zero due to the well-known phenomenon of vertex corrections cancelling self-energies. We shall have more to say about this in the next few sections. An explicit formula for N will enable us to demonstrate this rigorously (and perhaps even very simply) just as we made the proof of the Luttinger theorem trivial. This cancellation is likely to take place in the long-wavelength, low-energy regime only, and an explicit formula for N will enable us to compute the short-wavelength behavior of the dielectric function as well which may be expected to deviate from the predictions of RPA. To make more progress consider the following approach. Denote the hamiltonian of the interacting system by H. Let us assume that we have switched on a source H ext (t) = kσ U kσ (t)n kσ where n kσ = c † kσ c kσ is the number operator. The source U kσ (t) is defined in the interval t ∈ [0, −iβ]. This allows us to write the expectation value of the number operator at any time t as,
On the right hand side, the time-evolutions are all with respect to the timeindependent hamiltonian H. The S-matrix is given by,
We may also independently evaluate the quantity < n k ′ σ ′ (t ′ ) > by directly using the equation of motion method on H + H ext (t) and finally using the formula in Eq.( 30). In order to compute the number-number correlation function, then one has to simply differentiate this expression with respect to U kσ (t) and then set U ≡ 0 and we shall have a formula for N (kσ, t;
Notice that n k ′ σ ′ does not carry a time label, this is because we have set U ≡ 0. This quantity is then simply given by,
Now one has to compute the time-dependent momentum distribution. Diagonalisation is not feasible since we have a time-dependent source and it is not clear what the physical meaning will be of 'source-dependent dressed sea-bosons'. Thus we prefer the equation of motion method. In our very first article [13] we showed how the equation of motion method gives the same answers as the diagonilasation at least in the equilibrium context by treating A k (q) as exact bosons. However, in our next article [14] we tried to make the finite temperature aspects of the free theory come out right and we found that this was particularly cumbersome. We shall not invoke any of those difficulties here. Indeed, we shall always follow the simple (-minded ?) prescription that finite temperature aspects may be put in by hand at the very end by replacing n F (k) by n β (k), where the latter is the finite temperature Fermi distribution. This is likely to be valid at low temperatures (k B T << E F ). Thus as far as boundary conditions go we shall use the simple bosonic-KMS[12] boundary conditions with chemical potential set equal to zero(for the sea-bosons, that is). Let us now move on to the details. The full hamiltonian is,
(54) The Green functions are defined as,
Note that the Green functions are not time-translation invariant if U k (t) is time dependent. The time ordering is with respect to imaginary time in the interval [0, −iβ] where β is the inverse temperature[12]. Since we are only interested in the static number-number correlation function, we shall assume that U k is time-independent. This enables us to to find a closed solution for the Green functions. In the case when U k is independent of time, the analysis is identical to the one found in the appendix.
and C(k, q) = θ(Λ − |k F − |k + q/2||)θ(Λ − |k F − |k − q/2||) and W is defined in the Appendix. Also Z(q; [U ]) = ∞ 0 dω W (q, ω; [U ]). Using Eq.( 57) in Eq. ( 34) and Eq.( 33) we obtain formulas for S 0 A,B . This will enable us to compute < n k ′ ([U ]) > using Eq.( 31) and Eq.( 32). Finally, differentiating Eq.( 30) with respect to U k we get N (k, k ′ ). Notice that this approach also allows us to consider regimes where the coupling λ ∼ πv F , thus we are not restricted to weak coupling. It would be interesting to see if the anomalous exponent we deduce in this regime agrees with that of the Mattis and Lieb [2] . To this end let us at least try to evaluate the momentum distribution for arbitrary coupling strength, if not the number-number correlation. The real and imaginary parts of the polarization in the limit |q| << 2Λ << k F may be written as,
If ω > 0 then
If ω < 0 then P i (q, ω) = 0. Using these facts we may write form ω > 0,
In order to simplify proceedings we note that the Heaviside step functions imply that for P i (q, ω) = 0 we must have v F |q| + ǫ q > ω > v F |q| − ǫ q otherwise P i (q, ω) = 0. Thus we have two parts to the evaluation of a quantity such as S 0 A (k). One part is just the collective mode (if it exists). The other part is the particle hole mode that is present only when P i = 0. In the asymptotic limit we find that the collective mode when it exists is dominant since the term responsible for it diverges logarithimically near the Fermi surface as compared to the particle-hole mode which is finite. However in situations such as when
F , the collective mode drops out completely and we have just the particle hole mode. It is reasonable to surmise 2 that the form of the momentum distribution gets 'frozen' at
where it is essentially flat that is n k ≈ 1/2 for all k. Thus we focus only on the collective mode. The k in the denominator may be replaced with k F with impunity since that is not where the logarithimic divergence is coming from as we have already seen. Here the collective mode is,
Thus we see the emergence of the sorts of exponents found by Lieb and Mattis [2] . Now we calculate S 0
The momentum distribution then using Eq.( 31) Eq.( 32) when ||k| − k F | < Λ,
with the exact exponent completely identical to the one in Mattis and Lieb,
They [2] set v F = 1 which we have displayed explicitly here. At long last we have succeeded in reproducing some exactly known results exactly ! This is quite an achievement. It calls for a limerick.
All the i's dotted and all the t's crossed Makes Humpty Dumpty, healthy wealthy and wise.
The only other quantity that remains to be computed that will make this paper complete is the number-number correlation function. For this we follow the prescription already outlined. Even here we focus only on the collective mode assuming that |λ v(0)| < πv F . In this case however the dispersion of the collective mode ω c (q; [U ] ) is a function of the source U . We have to compute the functional derivatives with respect to U p . Systematic though this technique undoubtedly is, we have found that it is unweildy. The common thread running through this entire paper has been trying to find the most economical way of deducing the right answers. Thus we shall relegate the computation of the number-number correlation function to the next section.
The other question worth answering is the one posed in the introduction, namely is there such a thing as an "Inverse Landau Fermi liquid" ? An examination of Eq.( 31) and Eq.( 32) tells us that the answer is "No". This is because we find there that F 1 (kσ) ≥ F 2 (kσ). Thus we have accounted for Landau Fermi liquids, Luttinger liquids and there is no such thing as an Inverse Landau Fermi liquid.
Propagator Using Fermi Algebra
Its all in the wrist.
-Kamal Khan in Octopussy
Next, we would like to see if the assumption that the Luttinger model as presented above captures the salient features of the spinless Fermi gas with short range interactions. In our earlier article [14] we surmised that perhaps all the effects of the correlation part of the hamiltonian may be lumped into the number-number correlation function. This follows from the observation that the correlation part has large cancellations stemming from the repulsion-attraction duality [14] . The number-number correlation function itself however depends exclusively on the correlation part of the full hamiltonian. This quantity is unfortunately quite difficult to compute using Fermi algebra. Depending upon whether or not one believes in this 'approximation', one has ( or does not have ) the answer for the spectral function written down earlier [14] . Still, it is nice to know that the formulas given there bring into sharp relief, the role played by the fluctuations in the momentum distribution. In particular, an appropriate choice of F (p) leads to a Luttinger liquid as we shall soon see. This is reason enough for believing in them. At worst, the formulas presented in our earlier work [14] provide a useful way of parametrizing the spectral functions and momentum distributions. Let us reproduce them here. It would appear that leaving out the correlation terms altogether in deriving formulas for the one-particle propagator is a very bad idea since they are crucial in determining the Luttinger behaviour. On closer inspection we find that we have indeed included the correlation terms except that all the effects of the correlation terms have been lumped into the number-number correlation function which depends exclusively on the correlation part of the hamiltonian. The equations of motion for the one-particle Green function have 'coherent parts' and 'incoherent parts'. The latter have been ignored in accordance with the spirit of the random-phase approximation. This amounts to lumping all the correlation effects into the number-number correlation function. However when deriving dielectric function we have to be more careful since the correlation part of the hamiltonian also contributes to the coherent terms in the equation of motion along with the exchange terms. The final answers are as follows.
where
The momentum distribution at zero temperature is given by,
If we postulate, in the vicinity of |p| = k F ,
with γ > 0, then we have,
This is precisely the momentum distribution of the Luttinger liquid. The moral of this exercise is that nonideal momentum distributions such as those of a Luttinger liquid fluctuate quite strongly and this is responsible for the spectral width of the one particle Green function as also the destruction of the discontinuity. One other point worth noting is that for 0 < γ < 1 we have a cusp and a residual Fermi surface, this is in harmony with F (k F ) = 0, a state of affairs also present when the system is a Landau Fermi liquid. However for γ ≥ 1 the cusp is destroyed and we have, F (k F ) = 0 signalling a radical departure from Fermi liquid theory. We may also see that this choice for F (p) leads to a Green function in real space and time in 1D with a branch cut. This is the form in which Luttinger behaviour is usually displayed [6] . Consider the Green function,
In the noninteracting case,
For the spectral function that we have just written down,
∞ −∞ dp 2π
(76) At this stage if we set 2 F (p) = 0 then we reproduce the noninteracting case. However, if we make the following choice,
then we see a qualitative difference. In fact we have not been able to evaluate the general case due to the the sinθ in the exponent, perhaps there is a simple reason why we may ignore it but then if we choose to restrict our attention to the t = 0 case then we have,
Since we are interested in the asymptotic case |x| → ∞ only the small |p| << Λ regions contribute. The dramatic change is because if we write 2cos 2 θ = 1 + cos 2θ then,
The term that would have given us just 1/(x − v F t) is absent since the p integration is now not restricted to p < 0 like in the noninteracting case. This role has been usurped by the restriction on θ < θ 0 . Thus we see the branch cut -a signature of the Luttinger liquid [6] . The only aspect that remains now is to ascertain what sort of number-number correlation function can produce such an F (p). The number-number correlation function may be computed quite systematically using the sea-boson method as already indicated. But this is cumbersome. However it is more general than the one we are about to present. Some readers may be wondering why we chose to stop only at the second moment of the number operator. That is why are the higher moments of the number operator small ? To make this plausible we consider the following correlation function
We have already shown [14] that N 2 (k) =< n k > (1− < n k >). Simple algebra and idempotence tells us that N 3 (k) =< n k > (1− < n k >)(1 − 2 < n k >). If we go one step further we find,
2 . In the vicinity of < n k >≈ 1/2, the quantities N 3 (k) and N 4 (k) e.t.c. .. are all close to zero. Perhaps it is not unreasonable to ignore the higher order correlations after all. It is not clear that this argument applies to the off-diagonal correlations that we really must be looking at. Coming back to the question of what the precise nature of the function N (k, k ′ ) ought to be in order to produce a F (p) of the form already indicated, we proceed as follows. We first observe that the quantity qq
would not be equal to zero for v q = v 0 as it should if we restrict q << Λ for some cutoff Λ. Thus in this approach we really must allow for short-wavelength contributions as well. It is only in this sense that we may ignore the correlation terms even when v q depends weakly on q. Note that the form v q = v 0 θ(2Λ − |q|) does not depend weakly on q since it is nonzero for some values of q and zero for other values of q. If we use the suggestion in our previous work [14] , then the following form of the number-number correlation( for k = k ′ ) seems to be appropriate.
Unfortunately, this does not give us the F (p) we are looking for since then,
which does not have the sort of power law we are looking for. This means that we must not ignore the angle dependence of N (k, k ′ ). We shall postpone the actual evaluation of this function for future publications. Considering the amount of effort we have to put in and yet been unsuccessful suggests that this is a difficult concept and one which is also important.
In this article, we have shown that just including upto N 2 is quite sufficient to bring out the essential role played by fluctuations in the number operator in determining the one-particle properties of Luttinger liquids and also how this impacts upon the dielectric function at short-wavelengths. This exercise should tell us that bosonization or exact solutions via Bethe ansatz, Jack polynomials or conformal field theory are not the only ways in which we can predict Luttingerlike behaviour. Here we see that provided we are careful about what we use mean field theory on (in this case it is the number operator that is semiclassical and not the density fluctuation), we can successfully predict Luttinger behaviour using just mean-field theory and leading corrections to it. In none of the approaches just outlined are we compelled to consciously expand in powers of the coupling strength. However, it is clear that the object N (k, k ′ ) depends exclusively on the correlation part and cannot be easily determined using diagrammatic methods. Indeed it would appear that the sea-boson method so far is the only method that can pin down this quantity explicitly.
Dielectric Function of the Luttinger Model
In our earlier work [14] we showed how qualitative changes in one-particle properties, namely the non-vanishing number-number correlation functions impact upon the two-particle properties such as the longitudinal dielectric function. In fact we may expect that since the Luttinger liquid possesses a nonideal momentum distribution its dielectric function also ought to be similarly nonideal. Upon a moments reflection we find that perhaps this is not the case. The usual bosonization method in 1d enables upto recast the full hamiltonian as being purely quadratic in the right and left moving density fluctuations and this leads to a simple dielectric function. However, we know that this is not the whole story. The main reason being that the right hand side of commutators of number conserving Fermi bilinears in general may not be replaced by c-number expectation values. If we retain them as operators we are dealing with the generalised random-phase approximation as has already been explained [14] . The only way these two can be reconciled is if somehow all the corrections brought about by number-fluctuations somehow cancel out in the long-wavelength limit leaving behind the simple RPA-dielectric function. This cancellation is apparently well-known to mature many-body theorists [8] and is due to vertex corrections cancelling self-energies. In our approach, which is nondiagrammatic, it is hard if not impossible to identitfy the terms that are responsible for vertex corrections and those that are responsible for self-energy corrections and so on. Suffice it to say that there is a large body of literature [8] associated with the names of DuBois, Hong and Mahan, de Groot, Ummels et. al. and others that have shown that the simple RPA-dielectric function is quite sufficient and corrections to this cancel out in the long-wavelength limit as a result of these detailed analyses. However, our approach for deriving the dielectric function (which is different from the real-space Green function approach) is also quite robust. Here we pay special attention to fluctuations in the momentum distribution, which are very likely related to the vertex corrections that the other authors talk about. More to the point, in the case of Luttinger liquids it is really important to show that the corrections brought about as a result of fluctuations in the momentum distributions cancel out at least when evaluating the dielectric function (they do not when evaluating the one-particle Green function). This is beacause the nonideal momentum distribution of a Luttinger liquid fluctuates quite strongly. We would like to show convincingly at least in some respresentative situations how even our approach can predict these subtle cancellations. In fact, the work of Ha [7] has shown that the exact density-density correlation function of the Calogero-Sutheland model has the asymptotic form < ρ(x, 0)ρ(0, 0) >∼ 1/x 2 . This means that the static structure factor is given just as in the noninteracting case S(q) ∼ |q|. The author would have guessed that analogous to the one particle Green function maybe here too we must have a branch cut : < ρ(x, 0)ρ(0, 0) >∼ ? R γ /|x| 2+γ where R ∼ 1/Λ. But no, the dielectric function is similar to the RPA dielectric function. This is peculiar given that the asymptotics of the one-particle Green function is quite nontrivial. Furthermore the author is not sure if diagrammatic approaches can be used to prove this fact in the case of 1d systems, although de Groot and others seem to have done so. This is due to the well-known logarithimic divergences that have also plagued our earlier works [13] and caused us to make some really foolish assertions. To see this in detail we first derive a general formula for the dielectric function of the Luttinger hamiltonian using the generalised RPA-technique [14] . The Luttinger hamiltonian is,
Here we have to point out that it is important to consider n q (k) = c † k−q/2 c k+q/2 as a single unit. In other words it is wrong to invoke the repulsion attraction duality [14] . This has already been done and only parts that break Fermi-liquid behaviour are included which is precisely the form above. Also the exchange term is strictly absent from the Luttinger hamiltonian as defined above, since if we set k = k ′ there is a prefactor M (k, q)M (k, −q) = 0. Using methods entirely analogous to the one found in our earlier work [14] we have,
Here ǫ k = k 2 /2m. As pointed out in the earlier section, we choose to ignore the higher order correlations of the number operator. The next correction will involve treating δn k δn k ′ δn k ′′ as being nonzero. If we ignore this and all the higher correlation functions then this is the full answer. We have already made some plausibility arguments to show that perhaps the other moments can be ignored. However, we showed that having just the second moment nonzero and all others equal to zero enables us to reproduce the momentum distribution of the Luttinger liquid. Perhaps this is justification enough.
From these formulas it is clear without ever having to explicitly evaluate any of these quantities that this dielectric function is qualitatively similar to the RPA-dielectric function in the long-wavelength limit q → 0. In particular we may see purely from considerations of analyticity that P (q, ω) ∼ q 2 and P 2 (q, ω) ∼ q 2 for small q(an expansion in powers of q tells us that the linear term is absent due to isotropy). The effective polarization is,
We have to compare the qualitative behaviour of this with the usual simple RPA polarization. Since ǫ g−RP A may be ignored(∼ 1) in the denominator we have
The main point is that there is no room for branch cuts and the like. In other words, the static structure factor is still given simply by S ef f (q) ∼ |q| rather than say, S ef f (q) ∼ |q| × (|q|/Λ) γ . This means that for the CSM the real space denstiy-density correlation function is given by < ρ(x, 0)ρ(0, 0) >∼ 1/x 2 rather than something strange like < ρ(x, 0)ρ(0, 0) >∼ R γ /|x| 2+γ .
The Calogero Sutherland Model
Bond : 'Five bullets each ?' Scaramanga : ' I only need one. ' -The Man with the Golden Gun Now we would like to see if other systems can also be Luttinger liquids, like the Calogero-Sutherland model (CSM). If one uses the the form V q = −πβ(β − 1)|q|/(2m) (which is the Fourier transform of the inverse square interaction) in Eq. ( 7), we find that the integrals are finite at |k| = k F and this means we have a Landau Fermi liquid for small β(β − 1). This result contradicts the exact solution via Jack polynomials [7] which shows unequivocally that the CSM is a Luttinger liquid. The reason for this fallacy is the repulsion attraction duality explained in our earlier work [14] . The full hamiltonian consists of a kinetic plus exchange part and a correlation part. The correlation part in terms of the seabosons that takes into account the repulsion attraction duality has already been written down [14] . The exchange part is somewhat new.
If we ignore the terms that are quartic in the sea-bosons, we may write,
The dispersion ω k (q) contains the exchange self-energy as well. It is better to be safe than sorry, so we include as many terms as we can handle and at the end discard them when appropriate.
(94) Given that |k − q/2| < k F and |k + q/2| > k F we may write,
The correlation part is given as usual,
First we try and solve the model when 0 < β(β − 1) ≪ 1. In this case we may write retaining only the terms that break Fermi liquid behaviour,
(97) Using the results of the first section, we may read off the anomalous exponent
Clearly, for 0 < β(β − 1) ≪ 1 we have γ ≪ 1. But for β = 3 we have γ = 4.5 > 1. However the solution of the CSM using Jack polynomials [7] tells us that γ < 1 for β = 3 (this requires quite a bit of effort to show even with the propagator written down explicitly, thanks to D. Sen for showing me how). This means we really have to be more careful when dealing with systems that have |λ| > πv F , incidentally this difficulty is also present in the Mattis-Lieb solution. Unfortunately, we have not succeeded in reproducing the results obtained via Jack polynomials even qualitatively, apart from being reasonably sure that the system is in fact a Luttinger liquid. This is due to the non-separable nature of the hamiltonian in the sea-boson language brought about by the need to invoke repulsion-attraction duality [14] . We intend showing in future publications that lattice Fermi gases are much simpler to deal with using sea-bosons since there the hamiltonian remains separable even with the repulsion attraction duality. This is a really important simplification that we intend to exploit when we get around to studying those systems. The fact that for continuum systems with long range interaction, this duality poses technical challenges suggests as we have pointed out before [14] that we should look for a more natural home for these methods perhaps in the Dirac equation coupled to gauge fields. In passing we note that this point (repulsion-attraction duality) has been noted and exploited by Hubbard, Singwi and others[11] in trying to improve over the RPA-dilelectric function. In fact, the Hubbard dielectric function [9] [11] is derived in the usual manner but by including both v q as well as the v k−k ′ terms. However, Hubbard considers only Coulomb interactions in three dimensions where he feels free to replace
. This can be made plausible by first noting that
. But in this case only the terms that change the Fermi velocity contribute (in the sea bososn language, it is the A † A terms), that is, no qualitatively new physics emerges from this regime ( on second thoughts, maybe we should not be so hasty -there was a change in sign this means that the energy dispersion of the bosons could become negative signalling qualitatively new physics ). The other extreme is when k ∼ −k ′ where |k|, |k ′ | ∼ k F . This leads to the coupling between right movers and left movers or in three dimensions, the coupling between diametrically opposite movers. With all these caveats perhaps he is justified in replacing
But he goes one step further and using some arguments (described in Mahan [11] ) claims that it is legitimate in general to replace, v k−k ′ by 4πe 2 /(q 2 + k 2 F ). If we adopt his prescription in the Calogero-Sutherland model then we get the same hamiltonian already written down Eq.( 97). This, as we have already seen gives the wrong anomalous exponent. Thus it is advisable to be significantly more careful in the case of the CSM.
Conclusions
Choose your next witticism carefully Mr. Bond, it may be your last.
-Goldfinger. At long last we have succeeded in reproducing Luttinger liquids but not before making some major faux pas (es ?) Maybe I have turned some people off by my choice of phrases and a generally superior attitude but then to each his own ( Modesty is the worst form of conceit -Blofeld in Diamonds are Forever ).
Just to set the record straight, the assertions concerning the breakdown of Fermi liquid behaviour in our first published work [13] were all wrong. The amended assertions are as follows. If at all Fermi liquid theory breaks down (that is, Z F = 0) it does so maximally; that is, it breaks down for arbitrarily small values of the strength of the interaction. However there are functional forms of the interactions even in 1d that suppress Luttinger behaviour but these are contrived. Whenever Fermi liquid theory breaks down, it leads to a Luttinger liquid. That is, one that has a residual Fermi surface (continuous but diverging slope) or one where even this is absent but the momentum distribution has a continuous slope nonetheless. Hopefully we will not have to take back these claims later but you never know.
All's well that ends well as they say.
Appendix A
Just when I thought I was out, they pull me right back in.
-Al Pacino in Godfather III
In this section, we revisit some of the tedious aspects that were glossed over in the main text. We compute the number-number correlation function for the spinless Luttinger model that has been used in two different places. First we assume that we are in the ultra-weak coupling limit. This means that S A and S B and S AA , S AB , S BA and S BB are all vanishingly small unless |k| and |k ′ |... are all close to k F . This means number-number correlations are important only close to the Fermi surface when the momentum distribution also deviates from ideality. Consider the Luttinger hamiltonian with the source term.
We assume that the diagonalised form has the following appearance.
The d 's' are related to the A's by a Bogoliubov transformation.
If q > 0 we have, 
and finally using,
we find,
Finally we have, 
10 Appendix B : The Dashen-Sharp Formula
In this section we add some discussion on the as yet incomplete task of pinning down the nature of the phase function that appears in DPVA [13] . Unfortunately, the final formula for Φ will not be found in this work but perhaps in later publications. First we show using DPVA, how easy it is to prove the DashenSharp formula [5] . In this context we would like to point out that Rajagopal and Grest [3] [4] had, in the seventies, already pointed out the need to have a
